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Let N(n) denote the maximum numner of mutually orthogonal Latin squares of order n. II is 
shown that N(n) 3 7 for n > 4922. 
1. Introduction 
Let k 2 2, I 2 1 be given. By a transversal design T(k, t) we mean a triple 
(X, %$ &)+ where X is a set of points, 99 = {G,, Gz, , . ., G,) is a partition of X into k 
subsets Gi, called groups, and ,GQ is a ~.lass of subsets A, of X, called blocks, if (i) 
1 Gi I= 1 for every Gi E 3, (ii) i ‘3 j = k, (iii) / G, n A, i = 1 for every 93, E $4 and 
every Aj E d9 (iv) every set (x, y) CX, such that x and y belong to distinct groups, 
is contained in exactly one block of &. 
A paralEe1 class of blocks is a subsfamily of disjoint blocks the union of which is X. 
A resolvable transversal design RT(k, t) is a transversal design T(k, I) in which 
the family .# can be partitioned into t parallel classes. 
It is known [3j that RT(k,r) exists if and oniy if T(k + I,r) exists. 
There is a close relation between transversal designs and orthogonal Latin 
squares, namely, Bose and Shrikhande remarked [I] that the existence of a set of 
k-2 mutually orthogonal Latin squares of order t is equivalent to the existence of a 
T(k, t), 
Lat N(n) denote the maximum number of mutually orthogonal Latin squares of 
oF&r n. 
The following five theorems will be frequently used in this paper. / 
1 
[ Ternrem 1.1. LPI (X,%sq b Q T(k + r, f), where ‘$j = 
f (CL CL. l ., iA, HI, Hz,. . a, H,}. Let S be any subset of H, UHzU - -. U H,. Ler 
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mcorem 1.3. IfOa.4q then 
N(mt + u)~min(N(m),N(m + l),N(C)- l,N(u)}. 
Theorem 1.4. If 0s uI, c/~ s f, then 
fif(mt + c4 + us) 3 min{N(m), N(m f l), N(m + 2). N(r) - 2, N(u& N(u~)}. 
m 1.5. If I >i(r - lJ(r - 21, then 
N(mt + I) 2 min(N(m), N(m + l), N(m f 21, N(r) -. r]. 
Theorems 1.3 and 1.4 remain valid if we put N(0) = N(1) = 0~. 
Thel,rcm 1.2 is due to MacNeish j[4] and Mann [5] , the other theorems are due to 
W&or, (81. 
Let n, denote the smallest integer such that N(n) 2 r for every n > n, Bose, 
Shrikhande and Parker [2) proved that n2 = 6. Hanani [3] and Wilson (81 proved 
thai til 6 42, ii4 G 52, it5 G 62, and nsg 90. IE this paper it will be shown that 
nz G 4922. Throughout he paper Wilson’s method of constructing orthogonal Latin 
squares is used. 
Recently, tiajowslci [7) has shown that N(n) a 7 for odd n > 303, II # 335, 427, 
4cti. but for the completeness of the proof we shall not exploit this result. 
2. fikwn squares 
Theorem 2.1. If 0 d w i r, then 
N(mr + w) 2 min{E:;m), N(m + l), N(m f w) - 1, N(t)-- WI. 
Pr0J. Let k = 2 * min(ZV(m),N(m + l), M(m f w)- 1, N(f)- w). Then trans- 
versal designs T(k, m), T(k, m + 1, m + w), T(k + w, t) exist. In Theorem 1.1 let 
r =L w We form theset S = (x1,x Z,. . ., x,} by selecting one point x4 from each group 
l.f#. f S i E w, in such a way that all the points x1, nz,. . . ,x, are contained in one 
bfock of T(k i w, t). For any block A of the T(k + w, f), uA = 0,l or w. Fro& the 
existence of T(k + 1, m + w) and an earlier remark RT(k, m + w) exists, and there 
cciisl rrt + w > w disjoint blocks in T(k, m + w), so the condition (ii) of Theorem 
t.emma 2.2. For any of fhe following sequences of odd rnfegers 
(a) &t+2,2+4,r+6,t-t8, 
P) f,f+8?+24,f +32,t +4&f +56, 
Ic) f.f +-4,t+h~,r -t&r+ 10, 
) r.t r~,f$70,ii26,r$50,f+66, 
(a;) P.l j-8,1+ 10,f +32,t *34,t+64, 
On sewn Otu~uidly odwqonal hin squares 
(f) t,t+6,r+8,t+?.4,I+f8,t-t-20. 
(g) t,t+Z,t+4,ti8,r-t10,t+12, 
(h) f, t + 4, t + 6, t + 20, t -i- 2x, t i- 35, 
(i) t, i + 2, f + 4, t “f- 18, I f 26, t -I- 66, 
(j) t,t+S,t+16,t+32,t+44,t+64, 
(k) t,r+4,t+li:t+ 12,t+ 16,r+22, 
af least one integer is r~lative/~ prim to 210 = 2 - 3 -5 ~7. 
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Proof. Let US consider case (k). If I = 3n, then three integers under consideration 
are divisible by 3, at most one divisible by 5 and not divisible by 3, and at most one 
divisible by 7. if I = 3n f 1, then nointeger is divisible by 3, at most two divisible by 
5, and at most one divisible by 7. If t = 3n + 2, then three integers are divisible by 3, 
at most one divisible by 5 and not divisible by 3, and at most one divisible by 7. 
The other cases may be proved in a similar way. 
Lefnma 2.3. Let E be a set of odd integers u, I L u S 73, u f 5, 35, 39, 69. Let 
N(t)-u~8,n=l6f+u. ThenN(n)~SifuEE. 
?roof. If u = 3,7, 15, 21, 33, 45.51, 55, 57, 63, 65 we apply Theorem 2.1. For the 
other values of u, apply Theorem 1.3. 
All the constructions required in the proofs of the forthcoming Lemmas 2.4 and 
2.5 and Theorem 2.6 hre given in Tables 1, 2 and 4 unless they follow directly from 
Theorem 1.2. 
Lemma 2.4. Let B = (573, 579, 581. 585, S91, 597, 627, 633. 635, 645, 651. 655, 
735, 741, 745, 749, 819, 835, 845, 903, 921, 9.33, 935, 939, 1029). Then N(n) 3 8 for 
odd rt, 569 s it < 1047, ne B, 
Pro&. Fdlows from Table 1. 
Lemma ~4. Let c = {NE, 129, 145, 147, 155, 161, 177, 18% 192, 215, 264, 265. 
312, 3&4, 414). Tken N(n) a 7 fnr n E C. 
Praalc. Follows from Table 2. 
) Pd. Let n = SC f u, where t is an odd integer. If n = k (mod lS),where k = 
, . . ,, 15, then u = s (mod 16), where s = 8,9,. . ., lS,O, 1,. . ., 7 respectively. 
Conskkr f&p: f&wing X6 sequences (u:). Note that all the terms of {u!‘}, k = 
15, are congruent mod 16 to 8,9, . . ., IS, 0, 1, _ . ., 7 respectively. 
1% M. Wojttu 
Table 1 
n 
595, 5YY, 605 Lemma 2.3 ! = 37 
621,623 Theorem f.3 m = 16. t =: 37 
657,663-fw Lemma 2.3 t = 41 
@3 Theorem 1.3 m=l(i, t=41 
695-721 Lemma 2.3 t = 43 
723 Theorem 2.1 m = 31, t = 23, w = 10 
753, 755, 759-785, 789 Lemma 2.3 t = 47 
791-817 Lemma 2.3 t = 49 
825, 831 Theorem 1.3 m = 16, I=49 
s3.847 Theorem 21 tn = 31, t = 27, w = 6, 10 
849,855-881, 8fI5,889 Lemma 2.3 t = 53 
895, 891 Theorem 1.3 m = 16. t = 53 
‘105, 915, 917 Theorem 2.1 m =31, t =2Y, w = 6. 16, 18 
w5. Y51-977 Lemma 2.3, t = 59 
985-1009, 1017-1027 Lemma 2.3 t = 61 
1011, 1015 Theorem 1.3 m =31, t i= 32, u = 19, 23 
1033-1047 Lemma 2.3 t = 64. 
-- 
Table 2 
n 
-_ 
Is)5 129. 147, 161. 192, 312 Theorem 1.3 m = 8, t = 13, 16. 17, 19, 23, 37 
145, 177, 185, 264, 265. 384 T?wxem 1.3 m = 16, t =Q, 11, 11, 16, 16, 23 
145 Theorecn 2.1 m = II, t = 19, w = 3 
215 Theorem 2.1 m = II, f = 25, w = 15 
414 Theorem 1.3 m = 31, I 13 = 
Table 3 
-- (a) (~3 = 136, 120, 104, 88, 72 
(a) Id} = 73, 57, 42, 25, 9 
(b) run = 986, 922, 794, 730, 602, 538 
(cl w) = 91. 59, 43, 27, 11 
(d) @:)=94& 908, 860~ 732, 540, 412 
(a) IuS= 173, 157, 141, 125, 109 
(e) w=fe2. 798, 7&z, 606, 5YO. 350 
(0 idI= 191. 143. 127, 79; 47, 31 
0 [dI = %, 80, 64, 32, 16, 0 
(a) idI= 113,97,82, 65, 49 
(h) k,“) = fOl0, 978, 962, 850, 786, 722 
(a) ,b:‘j= 131, 115. 99, 83, 67 
@I w)= 932, 916, 900, 78& 724, 4w 
w Wf = 169, 149,. t;3,. 147, 101 
li) h:‘I ~854, 190, 726, 598, SE!, 342 
I@ {u:‘)= 199, 167, $51, !~3, 71, 23 
-- 
._ 
Table 4 shows that for any rrr! of the above defined sequences we have N(uf) 2 7. 
Note that for n = 538, 540, 722, N(n) 3 8 whic’l will be used later on. 
Table 4 
__._ 
61: m t 
--. 
x0, % Thmrem 1.3 8 9, II u = H 
342. 350 Theorem 1.3 31 11 u = 1,9 
404,412 Theorem 1.3 ) 31 13 u = 1, Y. II 
502 
538. WI 
NO, 598,602, HI6 
722, 724, 726, 730, 732 
786. ?tB. 7%. 798 
782. 790 
X50. 854. 860, 862 
900, 908. 916, 922 
962, 978, 986 
932 
s, M 
li1lO 
41 
115 
133 
141 
165 
57, 65 
120 
Theorem 2.1 
Theorem I.3 
Theorem 1.3 
Theorem I .3 
Theorem 1.3 
Theorem 1.3 
Thenrem 1.3 
Theorem 1.3 
Theorem 1.3 1 
Theorem 1.3 
Tfkorcm 1.4 
Theorem 2.1 
Theorem 2.1 
Theorem 1.3 
Theorem 2.1 
Theorem 1.3 
Theorem 1.3 
See [b, Table 3.7.1 p. W] 
See [6, Corollary X4.2.41 
for m = 4 
31 
21 
31 
31 
31 
71 
31 
31 
31 
71 
71 
31 
8 
8 
8 
x 
x 
16 W=b 
17 u = II, 13 
I9 u = I. 9. 13. 17 
23 u = 9, ’ 1. 13. 17, I9 
25 u = 11. 13, 19, 23 
II u = I, 4 
27 u = 13. 17. 23, 2’4 
29 u = 1, 9, 17. 23 
31 u = 1. 17, 2s 
13 U= 9 
13 @I = 8, D* = 9 
32 w = 18 
II w -I 3 
13 u = II 
16 w= 5 
16 II = 13 
19 u = 13 
lV(n)~ N@r’ -+ u”)~min(N(8),N(tk)- l,&‘)) = 7. 
!n the seque: WC shall consider the following cases 
Case 1. k “0, 1, 3, 5, 7, 8, 9, 11, 13, 15. Then uk C lQ9 an41 N(n) 37 flor 
R * 179% 
C&P 2. k j 2. Then uk d 9% and N(n) 2 7 for PI ~88882. 
. : k.& 5tEM & n < g882. Apply Theorem 1.3 8, with m = u t = 538, = - (n S:I)X)Er( 
f jpHm-~r~B.TheirWat<l043. 
Nate that 538 4$r 9) 602. If (t 8) 3 502, 81 t- = - + - t E B, 3 - 8,” 6 ai’pply 
Y&+i3gcm /,31 *& m = $$ g = f&2, 2 = (n - 602)/8. The other values of I are .F?. 
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57v, 581,58!5,591,.597,635,749. The constructions for the corresponding values of 
n and for 4930 rh n 4 5090 are given below 
Table 5 
n m t 
Thort?m 2.1 8 727 
TheOreAl 1.3 71 79 
Theorem 1.3 31 171 
Theorem 1.4 71 73 
Theorem 1.J 71 73 
Theorem 1.3 191 27 
Iheorcm 1.4 71 71 
id%corem 1.3 71 71 
Thenrem 1.4 263 19 
T%eorem Z.3 .31 157 
Theorem I.5 311 16 
Theorem f .3 21s 23 
Theorem 1.3 8 549 
3. k i= 4. Then u’ s 940 and N(n) P 7 for n 38468. 
n c t34M. Apply Theorem 1.3 with m = 8, u f 412, t = (n - 412);s 
provided rtZ 8. Then 561: Q I c 1007. Note that 8t+ 412 = 8(f - 16) + 540. Ii 
(t - 16)~569, ZE B, r-t6tiB, apply Theorem 1.3 with m “8, u =54& 
i = (0 - 54(J)&. The 
ccmtructions for the 
b&W 
other values of t are 573, 579, 581, 597, 65 1, 835. The 
corresponding values of n and for n = 4932, 4948 ate given 
Tab10 6 
n m ? 
-- 
7ff3? Theorem 1.3 79 a9 u -451 
5hSO Theorem 1.3 79 71 I.4 = Ii 
51tBI( Theorem 1.3 31 167 u = 11 
!w+d3 Theorem 1.3 71 71 II = 19 
w44 The4w?m 1.5 7k 71 r=3 
4932, .wx, Iv% Theorem 1.3 31 157 u =) ~$5.5, Kt 129 
‘1 
C&W 4. k = 6. Then u ’ Q 862 and N(n) ;;d 7 for e a ?766, 
< 7766. Apply Tbmrem 5.3 with m = 8, u 0: 350, t * (n - 3+%)/g 
t 4 927. Note that 8t + X0 = K(t - 8) + kid. H (t - 8) a 
On revert murufflly mtkagonul Latin squares 
969, t E B, t - 8 sl I.?, qply Thearem 1.3 with m = 8, u = 434, f = (n - 414)/K. The 
other values of I are 573, 581, 635, 749. The const:ructions for the cosrespondirq 
values af n are given below 
Table 7 
em..-_ 
M 1 
--I__- 
Case 5. k = 10. Then uk 4 1010 and N(n) zz 7 far n B 9098. 
Let 6506~ n < SWS. Apply Theorem 1.3 with m = 8, u = 722, I = (11 - 722)/H 
providea te B, Theta 723 4 ( < Wt. Nate Chat Rt -k 722 = N(t - 8) + 786, If (t 8) > 
‘786, f E B, t - 8 G B, apply Theorem 1.3 with m =i X, u = 786, f = (n - 786)/S. The 
other values of # are 735, 742, 745, 749. The constructions for the corresponding 
vaiues of n and for 4938 s a < 6506 are given below 
n m I 
1- _I_-- -. 
H 
R 
79 
31 
71 
31 
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Theorem 1.3 
The0ren1 1.3 
Theorem 1.3 
Theoreni Y.3 
Theorem 2.1 
Theorem 1.3 
Theorem 1.3 
Theorem 1.3 
Theawem 2.1 
Theorem 1.3 
Theorem 1.4 
7lworem 1.3 
Theorem 2.1 
Theorem 1.3 
Thorem 1.5 
Theorem 2.1 
lheorem 1.3 
Theorem 1.3 
T:Me 8 (cont’d.) 
5$ 
31 
:\I 
31 
8 
31 
3s 
31 
31 
31 
71 
71 
8 
31 
263 
8 
31 
215 
<et u = 3f ) { 27. (43 
177 u = CJf. 107, 139 
I79 u = 13. 61 
177 v = 11, 27, 43, 59 
619 w = 530 
171 u = 117. 133, 149, 165 
169 u - 67, 83.3. 99, 115, 131, 147, 163 
167 u =49, 65. 81, 97, 113 
167 w = 33 
167 u = I, 17 
71 u, = 64, v2 = 9, 25, dl, 57 
71 u = 0, 25, 41, 57 
563 w=530 
157 u = 151 
I9 f- 5 
557 w=530 
157 u = 71, 103 
23 u=9 
-_I- 
Case 6. k = 12. Then uk ~932 and IV(n)>7 for n a88396 
I 
-?--- 
Let 495&c it < 83%. Apply Theorem 11.3 with m = 8, u - 404, t = (n - 404)/I) 
provided te B. Then 569 6 f < 999. Note that 8t + 404 = 8(t - 40) f 724. If 
(f--40)9X%, r-EB, f-#fE?& app& Ybec5rern 1.3 wi& m-=& u = 72$, t+= 
(n - 724)/X, The of her values are all t E B, t s 749. The constructions for the 
corresponding values of n and for n = 4924, 4940 are given below 
1 
. 
-lJkmem 2.4 
Theorem 1.3 
Theorem 2.1 
Theorem I.3 
Theorem 1.3 
Theorem 2.1 
Theorem 1.3 
Theorem 1.3 
Tihcorem 1,.4 
Thearem 1..3 
7hon?m 2.A 
Theorem 2.3 
71 HY 4 =; 23, u, -w 32 b4 
.31 199 u =I15 
;31 181 w = 33 
31 181 u= 1 
1!)1. 29 u =25 
8 619 w = 532 
31 173 u = 57, 105 
191 27 u =23 
7’1 71 v*=64* uz=21 
71 71 rr711,43 
8 m w = 532 
32 153 u *,s? 73, 121 
.--- _. 
.- 
h m I 
- _II- 
TX2 Theorem I ..3 x 623 u = 5% 
MM) Theorem 1.3 383 13 14 - I1 
4026, 4974. 5022 Theorem 1.3 31 IS7 11 = 57, 1117, 155 
-_- 
___-_-I_______. .___ 
This completes the proof. 
In a pa.per f7] by Szajowski it is siazed that N(n) b 7 for odd 11 > 303, n # 335, 
427, 469. The last two exclusians can now be removed since N(427) 2 7 and 
N(469) a 7 by Theorem 2.1 with m = 8. I =r 53, and w = 3 or 45 respectively. 
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